Abstract. The Dedekind-Mertens lemma relates the contents of two polynomials and the content of their product. Recently, Epstein and Shapiro extended this lemma to the case of power series. We review the problem with a special emphasis on the case of power series, give an answer to a question posed by Epstein-Shapiro and investigate extensions of some related results. This note is of expository character and discusses the history of the problem, some examples and announces some new results.
integer coefficients, then c(f g) = c(f )c(g) holds. Such a statement does not generalize literally to arbitrary rings. Example 1.1. Let R = k[s, t] , f, g ∈ R[X], f = s − tX, g = s + tX. Then f g = s 2 − t 2 X 2 and the content ideals are c(f ) = c(g) = (s, t) and c(f g) = (s 2 , t 2 ) = (s, t) 2 = c(f )c(g).
In general the equality c(f g) = c(f )c(g) is quite close to being true, however. First of all, the inclusion c(f g) ⊆ c(f )c(g) is trivial. Further, these two ideals have the same radicals. In fact, passing to the quotient ring R/p, and considering the imagesf ,ḡ ∈ R/p [X] of the polynomials f and g, we immediately see that the ideals c(f g) and c(f )c(g) are contained in precisely the same prime ideals p, and hence rad c(f )c(g) = rad c(f g).
However, in the case of Example 1.1, a more subtle equality holds. We have c(f ) 2 c(g) = c(f )c(f g) (in this case both sides are equal to the ideal (s, t) 3 ). In fact, a similar equality always holds: there always exists an integer k ≥ 1 such that c(f
). This result was discovered by Dedekind [D] and Mertens [M] (independently) in 1892 for polynomials whose coefficients are algebraic integers, but follows also from an earlier result of Kronecker [K] . In fact, the result of Dedekind stated in a modern language is as follows.
Theorem 1.2 (Dedekind-Mertens, 1892) . Let R be a ring and f, g ∈ R [X] . Then
The proof of this result is strictly combinatorial. In fact, a stronger statement holds,
, where c Z (f ) denotes the abelian group generated by the coefficients of f .
This statement has been improved in 1998 by Heinzer-Huneke [HH] , who proved that one can replace the constant k in the statement of the Dedekind-Mertens lemma by the minimal local number of generators of the ideal c(g). For an ideal I, denote by µ(I) the minimal number of generators of I. Theorem 1.3 (Heinzer-Huneke, 1998) . Let R be a ring and
where k = max m µ(c(g)R m ), the maximum being taken over all maximal ideals m of R.
There is a considerable difference between the statement of Dedekind-Mertens and the improvement due to Heinzer-Huneke. In the former case, the statement is combinatorial, and one can in fact produce universal polynomials expressing the left hand side in terms of the natural generators of the right hand side. This is not the case for Heinzer-Huneke, as this statement clearly depends on the choice of the ring R.
2. Dedekind-Mertens lemma for power series. It is natural to ask whether the Dedekind-Mertens lemma can be generalized to power series rings, i.e., whether for power
) holds for some integer k ≥ 1. The first example that this is not the case was given in 1978 by David E. Rush [R] . In his example, the ring of coefficients is R = k [s, t] , the ring of polynomials in two variables. However, in 2014 Neil Epstein and Jay Shapiro [ES] revisited the example of Rush, discovered that it is wrong, and managed, in fact, to prove that no such example exists when the ring R is noetherian. We first state the example of Rush, discuss why it is incorrect, and then state the result of Epstein and Shapiro.
Example 2.1. Let R = k[s, t] , and consider the following power series
However, this is not the case and in fact
In fact, the result of Epstein and Shapiro says that the theorem of Heinzer-Huneke generalizes without any trouble to the case of power series over a noetherian ring.
In their article, Epstein and Shapiro discuss also the question whether the assumption that R is noetherian can be relaxed. They first note ( [ES] , Example 4.1) that the exponent k cannot be improved when f and g are generic polynomials. This follows from a result of [CVV] , Theorem 1. More
t i X i to be power series with algebraically independent coefficients, the equality c(f
It is clear that the claim of the Dedekind-Mertens lemma fails here because the ideal c(g) is infinitely generated, and the value of k produced by the Epstein-Shapiro theorem is infinite. In the article [ES] , the authors ask whether this is perhaps the only obstruction for the Dedekind-Mertens lemma to hold. More precisely, they ask the following question:
We will show that the answer to this question is negative. In fact, the first example of such a phenomenon is already implicitly contained in the work of D. Fields from 1971.
Example 2.4. In [F] , the following example is constructed in order to show that power series with invertible content can be zero divisors. Let S be a ring and let 
In particular, the polynomial g is a zero divisor in the ring of power series R [[X] ]. Note that the ring R is not noetherian. In fact, if R was noetherian, the formula in the Dedekind-Mertens lemma would hold for k = 1. Furthermore, note that if we invert the role of f and g, the equality c(g)
) fails for any value of k ≥ 1. This is related to the fact that the ideal c(f ) is not finitely generated.
Example 2.5. We give a modified version of Fields's example below. We believe that it makes it easier to follow what is happening. Let R be a valuation ring with valuation group Z 2 (with respect to the lexicographic ordering). Let a be an element of valuation (0, 1) (so that a generates the maximal ideal m of R) and let b be an element of valuation (1, 0). The ring R has precisely three prime ideals, namely 0, m and
Then f g = ab and so c(f g) = (ab) but c(g) = R and
Note that in this case
Note also that while the ideal c(g) is finitely generated, the ideal c(f ) is not.
These two examples show that the question posed by Epstein and Shapiro in Section 4 of [ES] has a negative answer for the value of k stated there. Furthermore, it hints at the fact that the statement of the Dedekind-Mertens lemma might fail not only because the ideal c(g) is not finitely generated, but also because the ideal c(f ) is not finitely generated. In the next section, we will give some positive results concerning this question.
Main results.
In this section, we state the main positive results that hopefully make the problem of Epstein-Shapiro clearer. We include only the statements, not the proofs.
The first statement is a mild generalization of Epstein-Shapiro to the case of nonnoetherian rings of coefficients. 
This theorem explains the failure of the Dedekind-Mertens lemma in Examples 2.4 and 2.5: it is due to the fact that the corresponding ideals c(f ) are not finitely generated. However, note that in both these examples the equality c(f
) still holds for k = 2 (rather than for k = 1, the number of local generators of c(g) in these examples). We will now explain this phenomenon and show that in the case when c(f ) is not assumed to be finitely generated, we still have the following following weaker result. 
Note that in Examples 2.4 and 2.5 we have k = 2, which explains the equalities
This result is similar to a result proven by R. Gilmer, A. Grams, and T. Parker in [GGP] , Theorem 3.6. In their result, g is assumed to be a polynomial and k is taken to be a number of nonzero monomials in g, so in this sense Theorem 3.2 is stronger than the result of Gilmer-Grams-Parker. It should be noted, however, that Gilmer, Grams, and Parker state their result also for power series in an arbitrary (possibly even infinite) number of variables (for details, see [GGP] ).
We have already seen that the question of Epstein-Shapiro has a negative answer for the stated value of k. However, the following modified question is still valid. 
By Theorem 3.2, we know that the answer to this question is positive if R is local. We suspect that the answer is negative in general. However, in order to construct a counterexample, we would need to find a ring R and power series f, g ∈ R [[X] ] such that (i) The ideal c(f ) is not finitely generated (and not even locally finitely generated for infinitely many maximal ideals m). In particular, infinitely many localizations R m are non-noetherian. (ii) The ideal c(g) is locally finitely generated and there is a common bound on the number of such generators. (iii) The ideal c(g) is not finitely generated. Furthermore, if we write g = 
is locally arbitrarily large, i.e., for any N ≥ 0 there is a maximal ideal m of R such that in the sequence (1) localized in m the number of proper inclusions is at least N .
